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ON THE CURVATURE GROUPS OF A CR MANIFOLD
ELISABETTA BARLETTA AND SORIN DRAGOMIR
Dedicated to the memory of Aldo Cossu
Abstract. We show that any contact form whose Fefferman met-
ric admits a nonzero parallel vector field is pseudo-Einstein of con-
stant pseudohermitian scalar curvature. As an application we com-
pute the curvature groups Hk(C(M),Γ) of the Fefferman space
C(M) of a strictly pseudoconvex real hypersurface M ⊂ Cn+1.
1. Statement of results
Let M be a strictly pseudoconvex CR manifold of CR dimension
n and θ a contact form on M such that the Levi form Lθ is positive
definite. Let S1 → C(M) → M be the canonical circle bundle and
Fθ the Fefferman metric on C(M), cf. [6]. Let GL(2n + 2,R) →
L(C(M)) → C(M) be the principal bundle of linear frames tangent
to C(M) and Γ : u ∈ L(C(M)) 7→ Γu ⊂ Tu(L(C(M))) the Levi-
Civita connection of Fθ. Let H
k(C(M),Γ) be the curvature groups of
(C(M),Γ), cf. [3] and our Section 2. Our main result is
Theorem 1. If (M, θ) is a pseudo-Einstein manifold of constant pseu-
dohermitian scalar curvature ρ then the curvature groups Hk(C(M),Γ)
are isomorphic to the de Rham cohomology groups of C(M). Other-
wise (that is if either θ is not pseudo-Einstein or ρ is nonconstant)
Hk(C(M),Γ) = 0, 1 ≤ k ≤ 2n+ 2.
The key ingredient in the proof of Theorem 1 is the explicit cal-
culation of the infinitesimal conformal transformations of the Lorentz
manifold (C(M), Fθ).
Corollary 1. Let Ω ⊂ Cn+1 be a smoothly bounded strictly pseudocon-
vex domain. There is a defining function ϕ of Ω such that θ = i
2
(∂−∂)ϕ
is a pseudo-Einstein contact form on ∂Ω. If (∂Ω, θ) has constant pseu-
dohermitian scalar curvature then
Hk(C(∂Ω),Γ) ≈ Hk(∂Ω,R)⊕Hk−1(∂Ω,R),
for any 1 ≤ k ≤ 2n+ 2.
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The first statement in Corollary 1 is a well known consequence of
the fact that T1,0(∂Ω) is an embedded CR structure, cf. J.M. Lee, [7].
If for instance Ω is the unit ball in Cn+1 and θ = i
2
(∂ − ∂)|z|2 then
Hk(C(∂Ω),Γ) =
{
R, k ∈ {1, 2n+ 1, 2n+ 2},
0, otherwise.
The paper is organized as follows. In Section 2 we recall S.I. Goldberg
& N.C. Petridis’ curvature groups of a torsion-free linear connection (cf.
also I. Vaisman, [10]) as well as the needed material on CR manifolds,
Tanaka-Webster connection and the Fefferman metric. Section 3 is
devoted to the proof of Theorem 1 and corollaries.
2. The curvature groups of the Fefferman metric
Let (M,T1,0(M)) be a (2n+ 1)-dimensional connected strictly pseu-
doconvex CR manifold with the CR structure T1,0(M) ⊂ T (M) ⊗ C.
Let θ be a contact form on M such that the Levi form
Lθ(Z,W ) = −i(dθ)(Z,W ), Z,W ∈ T1,0(M),
is positive definite. Let H(M) = Re{T1,0(M) ⊕ T0,1(M)} be the Levi
distribution and
J : H(M)→ H(M), J(Z + Z) = i(Z − Z), Z ∈ T1,0(M),
its complex structure. Let C → K(M) → M be the complex line
bundle
K(M)x = {ω ∈ Λ
n+1T ∗x (M)⊗ C : T0,1(M)x ⌋ω = 0}, x ∈M.
There is a natural action of R+ (the multiplicative positive reals) on
K(M) \ {0} such that C(M) = (K(M) \ {0})/R+ is a principal S
1-
bundle pi : C(M) → M (the canonical circle bundle over M , cf. [2],
Chapter 2). The Fefferman metric Fθ is given by
(1) Fθ = pi
∗G˜θ + 2(pi
∗θ)⊙ σ,
(2) σ =
1
n+ 2
{
dγ + pi∗
(
i ωα
α −
i
2
gαβdgαβ −
ρ
4(n+ 1)
θ
)}
.
The Fefferman metric is a Lorentz metric on C(M), cf. J.M. Lee, [6].
The following conventions are adopted as to the formulae (1)-(2). Let
T be the characteristic direction of dθ i.e. the tangent vector field on
M determined by θ(T ) = 1 and T ⌋ dθ = 0. We set
Gθ(X, Y ) = (dθ)(X, JY ), X, Y ∈ H(M),
G˜θ(X, Y ) = Gθ(X, Y ), G˜θ(Z, T ) = 0, Z ∈ T (M).
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There is a unique linear connection ∇ on M (the Tanaka-Webster con-
nection of (M, θ), cf. [9] and [11]) such that i) the Levi distribution is
parallel with respect to ∇, ii) ∇J = 0 and ∇gθ = 0, iii) the torsion T∇
of ∇ is pure i.e.
T∇(Z,W ) = 0, T∇(Z,W ) = 2iLθ(Z,W )T, Z,W ∈ T1,0(M),
τ ◦ J + J ◦ τ = 0.
Here gθ is the Webster metric i.e. the Riemannian metric on M given
by
gθ(X, Y ) = Gθ(X, Y ), gθ(X, T ) = 0, gθ(T, T ) = 1,
for any X, Y ∈ H(M). Also τ(X) = T∇(T,X), X ∈ T (M), is the
pseudohermitian torsion of ∇. If {Tα : 1 ≤ α ≤ n} is a local frame of
T1,0(M) defined on the open set U ⊆M then ωα
β are the corresponding
connection 1-forms of the Tanaka-Webster connection i.e. ∇Tα = ωα
β⊗
Tβ. Let R
∇ be the curvature of ∇ and
Rαβ = trace{X 7→ R
∇(X, Tα)Tβ}
the pseudohermitian Ricci tensor of (M, θ). Moreover gαβ = Lθ(Tα, Tβ)
and ρ = gαβRαβ is the pseudohermitian scalar curvature of ∇. Also
γ : pi−1(U) → R is a local fibre coordinate on C(M). Precisely let
{θα : 1 ≤ α ≤ n} be the admissible local coframe associated to {Tα :
1 ≤ α ≤ n} i.e.
θα(Tβ) = δ
α
β , θ
α(Tβ) = 0, θ
α(T ) = 0.
The locally trivial structure of S1 → C(M)→ M is described by
pi−1(U)→ U × S1 , [ω] 7→ (x ,
λ
|λ|
), ω ∈ K(M)x \ {0},
ω = λ(θ ∧ θ1 ∧ · · · ∧ θn)x , x ∈ U, λ ∈ C \ {0}.
Then γ([ω]) = arg(λ/|λ|) where arg : S1 → [0, 2pi). If (U, x1, · · · , x2n+1)
is a system of local coordinates on M then (pi−1(U), x˜1, · · · , x˜m) are
the naturally induced local coordinates on C(M) i.e. x˜A = xA ◦ pi,
1 ≤ A ≤ 2n+ 1, and x˜m = γ (with m = 2n+ 2).
Let Π : L(C(M)) → C(M) be the projection and ρ : GL(m,R) →
EndR(R
m) the natural representation. We denote by Ωkρ(GL(m))(C(M))
the space of tensorial k-forms of type ρ(GL(m,R)) i.e. each ω ∈
Ωkρ(GL(m))(C(M)) is a R
m-valued k-form on L(C(M)) such that
i) ωu(X1, · · · , Xk) = 0 if at least one Xi ∈ Ker(duΠ),
ii) ωug((duRg)X1, · · · , (duRg)Xk) = ρ(g
−1)ωu(X1, · · · , Xk) for any
g ∈ GL(m,R), Xi ∈ Tu(L(C(M))) and u ∈ L(C(M)).
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Let Γ be the Levi-Civita connection of (C(M), Fθ) thought of as a
connection-distribution in L(C(M))→ C(M). If ω ∈ Ωkρ(GL(m))(C(M))
then its covariant derivative with respect to Γ is the tensorial (k + 1)-
form of type ρ(GL(m,R))
(∇ω)(X0, · · · , Xk) = ω(hX0, · · · , hXk),
for any Xi ∈ T (L(C(M))), 0 ≤ i ≤ k. Here hu : Tu(L(C(M))) → Γu
is the natural projection associated to the direct sum decomposition
Tu(L(C(M))) = Γu ⊕ Ker(duΠ). Let us consider the C
∞(C(M))-
module
Lk = Ωkρ(GL(m))(C(M))×Π
∗Ωk(C(M))
and the submodule L˜k given by
L˜k = {(ω,Π∗α) ∈ Lk : ∇2ω = 0}.
Let η ∈ Γ∞(T ∗(L(C(M))) ⊗ Rm) be the canonical 1-form i.e. ηu =
u−1 ◦ (duΠ) for any u ∈ L(C(M)). If we set
Dk : L˜k → L˜k+1, Dk(ω,Π∗α) = (∇ω − η ∧ Π∗α , Π∗dα),
then L˜ = (
⊕m
k=0 L˜
k , Dk) is a cochain complex, cf. [3], p. 550. The
curvature groups of Γ are the cohomology groups
Hk(C(M),Γ) = Hk(L˜) =
Ker(Dk)
Dk−1 L˜k−1
, 1 ≤ k ≤ m.
3. Infinitesimal conformal transformations
We shall establish the following
Theorem 2. Any infinitesimal conformal transformation of the Fef-
ferman metric Fθ is a parallel vector field.
By a result of C.R. Graham, [4], σ is a connection 1-form in S1 →
C(M) → M . For each vector field X ∈ T (M) let X↑ denote the
horizontal lift of X with respect to σ i.e. X↑z ∈ Ker(σz) and (dzpi)X
↑
z =
Xpi(z) for any z ∈ C(M). To prove Theorem 2 we need to recall the
following
Lemma 1. (E. Barletta et al., [1])
The Levi-Civita connection ∇C(M) of (C(M), Fθ) and the Tanaka-Web-
ster connection ∇ of (M, θ) are related by
(3) ∇
C(M)
X↑
Y ↑ = (∇XY )
↑−(dθ)(X, Y )T ↑−{A(X, Y )+(dσ)(X↑, Y ↑)}S,
(4) ∇
C(M)
X↑
T ↑ = (τ(X) + φX)↑ ,
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(5) ∇
C(M)
T ↑
X↑ = (∇TX + φX)
↑ + 2(dσ)(X↑, T ↑)S,
(6) ∇C(M)
X↑
S = ∇C(M)S X
↑ = (JX)↑ ,
(7) ∇
C(M)
T ↑
T ↑ = V ↑ , ∇
C(M)
S S = 0,
(8) ∇
C(M)
S T
↑ = 0, ∇
C(M)
T ↑
S = 0,
for any X, Y ∈ H(M). Here A(X, Y ) = gθ(τ(X), Y ). Also the vector
field V ∈ H(M) and the endomorphism φ : H(M) → H(M) are given
by
Gθ(V, Y ) = 2(dσ)(T
↑, Y ↑), Gθ(φX , Y ) = 2(dσ)(X
↑, Y ↑),
for any X, Y ∈ H(M).
A vector field X on C(M) is an infinitesimal conformal transforma-
tion of Fθ if
(9) ∇C(M)X = λI,
for some λ ∈ C∞(C(M)) where I is the identical transformation of
T (C(M)). Let S be the tangent to the S1-action (locally S = ∂/∂γ).
Taking into account the decomposition T (C(M)) = H(M)↑⊕RT ↑⊕RS
the first order partial differential system (9) is equivalent to
(10) ∇
C(M)
X↑
X = λX↑ , ∇
C(M)
T ↑
X = λT ↑ , ∇
C(M)
S X = λS,
for any X ∈ H(M). Let {Xa : 1 ≤ a ≤ 2n} = {Xα, JXα : 1 ≤ α ≤ n}
be a local frame of H(M). Then X = X aX↑a + fT
↑ + gS for some C∞
functions X a, f and g. By (6)-(8) in Lemma 1 the last equation in (10)
may be written
S(X a)X↑a + X
a(JXa)
↑ + S(f)T ↑ + S(g)S = λS
hence
(11) X a = 0, S(f) = 0, S(g) = λ.
Similarly, by (4) and (6) in Lemma 1 the first equation in (10) may be
written
X↑(f)T ↑ + f(τ(X) + φX)↑ +X↑(g)S + g(JX)↑ = λX↑
hence
(12) X↑(f) = 0, X↑(g) = 0,
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(13) f(τ(X) + φX)↑ + g(JX)↑ = λX↑.
Lemma 2. With respect to a local frame {Tα : 1 ≤ α ≤ n} of T1,0(M)
the endomorphism φ : H(M) ⊗ C → H(M) ⊗ C is given by φTα =
φα
βTβ + φα
βTβ with
(14) φαβ =
i
2(n+ 2)
{Rαβ −
ρ
2(n+ 1)
gαβ}, φαβ = 0,
and φαβ = gαγφγ
β and φαβ = gαγ = φγ
β.
Proof of Lemma 2. Taking the exterior derivative of (2) we obtain
(n+ 2)dσ = pi∗
(
idωα
α −
i
2
dgαβ ∧ dgαβ −
1
4(n+ 1)
d(ρθ)
)
.
Note that ∇gθ = 0 may be locally written as dgαβ = gαγωβ
γ + ωα
γgγβ.
Also gαβgβγ = δ
α
γ yields dg
αβ = −gγβgαρdgργ . Hence
dgαβ ∧ dgαβ = ωαβ ∧ ω
αβ + ωαβ ∧ ω
αβ = 0.
Let {θα : 1 ≤ α ≤ n} be the admissible local coframe associated to
{Tα : 1 ≤ α ≤ n}. Then (by a result in [11], cf. also [2], Chapter 1)
dωα
α = Rλµθ
λ ∧ θµ + (W ααλθ
λ −W ααµθ
µ) ∧ θ,
W βαλ = g
σβ∇σAαλ , W
β
αµ = g
σβ∇αAµ σ ,
where Aαβ = A(Tα, Tβ) and covariant derivatives are meant with re-
spect to the Tanaka-Webster connection. Finally (by the very definition
of φ)
(n + 2)Gθ(φX, Y ) = i(Rαβθ
α ∧ θβ)(X, Y )−
ρ
4(n+ 1)
(dθ)(X, Y )
for any X, Y ∈ H(M)⊗ C. This yields (14). Lemma 2 is proved.
Proof of Theorem 2. Let us extend both members of (13) by C-
linearity. Then (13) holds for any X ∈ H(M) ⊗ C. By a result in [9]
τ(T1,0(M)) ⊆ T0,1(M) hence τ(Tα) = A
β
αTβ for some C
∞ functions Aβα.
Using (13) for X = Tα we obtain
(15) f Aβα = 0, f φα
β + (ig − λ)δβα = 0.
By Lemma 2
φα
β =
i
2(n+ 2)
(
Rα
β −
ρ
2(n + 1)
δβα
)
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and a contraction leads to φα
α = iρ/[4(n + 1)]. Next a contraction
in the second of the identities (15) gives f φα
α + n(ig − λ) = 0 or
iρf + 4n(n+ 1)ig = 4n(n+ 1)λ and then
(16) g = −
ρ
4n(n + 1)
f
and λ = 0 as f , g and λ are R-valued. In particular ∇C(M)X = 0.
Theorem 2 is proved.
Corollary 2. Any infinitesimal conformal transformation of Fθ is a
parallel vector field of the form
(17) X = a
(
T ↑ −
ρ
4n(n+ 1)
S
)
, a ∈ R.
In particular any contact form θ whose Fefferman metric Fθ admits
a nontrivial parallel vector field is pseudo-Einstein of constant pseu-
dohermitian scalar curvature and vanishing pseudohermitian torsion.
Proof. By (7)-(8) in Lemma 1 the middle equation in (10) may be
written
T ↑(f)T ↑ + fV ↑ + T ↑(g)S = λT ↑
hence
(18) T ↑(f) = λ, T ↑(g) = 0,
(19) f(z) Vpi(z) = 0, z ∈ C(M).
Yet λ = 0 (by Theorem 2) so that (by (11)-(12) and (18)) f = a and
g = b for some a, b ∈ R. Let us assume now that Fθ admits a parallel
vector field X 6= 0. Replacing from (16) into the second of the identities
(15) leads to
(20) a
(
Rα
β −
ρ
n
δβα
)
= 0.
Note that a 6= 0 (otherwise (16) implies b = 0 hence X = 0) so that
(by (20)) Rαβ = (ρ/n)gαβ i.e. θ is pseudo-Einstein (cf. [7]). Also
(16) shows that ρ = constant. Finally the first identity in (15) implies
τ = 0. Corollary 2 is proved.
A remark is in order. Apparently (19) implies that a = 0 when
Sing(V ) 6= ∅ (and then there would be no nonzero parallel vector fields
on (C(M), Fθ)). Yet we may show that
Corollary 3. Assume that θ is pseudo-Einstein. Then V = 0 if and
only if ρ is constant.
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So (19) brings no further restriction. Proof of Corollary 3. Note that
2(dωα
α)(T, Tβ) = −W
α
αβ , 2(dωα
α)(T, Tβ) = W
α
αβ
,
2d(ρθ)(T, Tβ) = −ρβ , 2d(ρθ)(T, Tβ) = −ρβ ,
where ρβ = Tβ(ρ) and ρβ = ρβ. Consequently
2(n+ 2)(dσ)(T ↑, T ↑β ) = −iW
α
αβ
+
1
4(n+ 1)
ρβ .
On the other hand (cf. [2], Chapter 5) if θ is pseudo-Einstein then
W ααβ = −
i
2n
ρβ , W
α
αβ
=W ααβ .
Hence V is given by (see Lemma 1 above)
Gθ(V, Tβ) = −
1
4n(n+ 1)
ρβ .
Clearly if ρ = constant then V = 0. Conversely if V = 0 then ∂bρ = 0
i.e. ρ is a R-valued CR function. As M is nondegenerate ρ is constant.
Corollary 3 is proved.
At this point we may prove Theorem 1. Let Lk be the sheaf associ-
ated to the module L˜k i.e. for any open set A ⊆ C(M)
Lk(A) = {(λ,Π∗α) : λ ∈ Ωkρ(GL(m))(Π
−1(A)), ∇2λ = 0, α ∈ Ωk(A)}.
Let Dk : Lk → Lk+1 be the sheaf homomorphism induced by the
module homomorphism Dk : L˜k → L˜k+1.
Lemma 3. Let Sθ be the sheaf of parallel vector fields on (C(M), Fθ).
For each open set A ⊆ C(M) let jA : Sθ(A)→ L
0(A)be given by
jA(X ) = (fX , 0), X ∈ Sθ(A),
fX : Π
−1(A)→ Rm , fX (u) = u
−1(XΠ(u)), u ∈ Π
−1(A).
Then
(21) 0→ Sθ
j
−→ L0
D0
−→ L1
D1
−→ · · ·
Dm−1
−→ Lm → 0
is a fine resolution of Sθ so that the curvature groups of Γ are isomor-
phic to the cohomology groups of C(M) with coefficients in Sθ.
Proof. Let (f, λ) ∈ L0 such that 0 = D0(f, λ) = (∇f − λη , dλ).
Let z ∈ C(M) and u ∈ Π−1(z). We set by definition Xz = u(f(u)).
As f ◦ Rg = ρ(g
−1) ◦ f for any g ∈ GL(m,R) it follows that Xz is
well defined. Let (Π−1(C(U)), xi, X ij) be the naturally induced local
coordinates on L(C(M)) i.e. xi(u) = x˜i(Π(u)) and X ij(u) = a
i
j for any
u = (z, {Xi : 1 ≤ i ≤ m}) ∈ L(C(M)) such that Xj = a
i
j(∂/∂x˜
i)z
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(here C(U) = pi−1(U)). Given a vector field X = λj∂/∂xj + λij∂/∂X
i
j
on L(C(M))
(∇f)uXu = λ
j(u) u−1(∇
C(M)
∂/∂x˜j
X )Π(u) , u ∈ Π
−1(C(U)).
Then ∇f = λη implies that ∇C(M)X = λI hence (by Theorem 2)
λ = 0 i.e. (f, λ) = j(X ). Therefore the corresponding sequence of
stalks 0→ Sθ,z → L
0
z → L
1
z → · · · → L
m
z → 0 is exact at L
0
z while the
exactness at the remaining terms follows from the Poincare´ lemma for
D as in [3], p. 552. Lemma 3 is proved. In particular if θ is a pseudo-
Einstein contact form of constant pseudohermitian scalar curvature
then (by Corollary 2) Sθ = R and Lemma 3 furnishes a resolution
0→ R
j
→ L∗ of the constant sheaf R where
jA(a) = (fX , 0), a ∈ R,
and X is given by (17) in Corollary 2, hence
Hk(C(M),Γ) ≈ Hk(C(M),R), 1 ≤ k ≤ m.
Otherwise (i.e. if θ is not pseudo-Einstein or ρ is nonconstant) then
Sθ = 0. Theorem 1 is proved.
If M ⊂ Cn+1 is a strictly pseudoconvex real hypersurface then (by
a result of J.M. Lee, [7]) M admits globally defined pseudo-Einstein
contact forms. On the other hand the pullback to M of dz0 ∧ · · · ∧ dzn
is a global nonzero section in K(M). In particular C(M) is trivial. If
θ is a pseudo-Einstein contact form on M of constant pseudohermitian
scalar curvature then (by Theorem 1 and the Ku¨nneth formula)
Hk(C(M),Γ) = Hk(C(M),R) =
∑
p+q=k
Hp(M,R)⊗Hq(S1,R) =
= Hk(M,R)⊕Hk−1(M,R)
and Corollary 1 is proved. Using M. Rumin’s criterion (cf. [8]) for the
vanishing of the first Betti number of a pseudohermitian manifold we
get
Corollary 4. Let M ⊂ Cn+1 be a connected strictly pseudoconvex real
hypersurface and θ a pseudo-Einstein contact form on M with ρ =
constant and τ = 0. If n ≥ 2 then H1(C(M),Γ) = R.
An interesting question is whether one may improve Corollary 1
by choosing a contact form with ρ constant to start with. Indeed as
T1,0(M) is embedded one may choose a pseudo-Einstein contact form
θ. On the other hand if the CR Yamabe invariant λ(M) is < λ(S2n+1)
then (by the solution to the CR Yamabe problem due to D. Jerison &
J.M. Lee, [5]) there is a positive solution u to the CR Yamabe equation
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such that u2/nθ has constant pseudohermitian scalar curvature. Yet (by
a result in [7]) the pseudo-Einstein property is preserved if and only if
u is a CR-pluriharmonic function. It is an open problem whether the
CR Yamabe equation admits CR-pluriharmonic solutions.
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